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StreszzenieWe develop an alternative novel method of introduing real wage rigidity intoan otherwise standard searh and mathing model. Wages are onstantly renego-tiated through Nash wage bargaining, however negotiations are based on imperfetinformation regarding the produtivity level and onsequently marginal produti-vity. The imperfet information mehanism is modeled by means of a Kalman �lter.As a onsequene, after a positive tehnology shok some of the inrease in produ-tivity is attributed to information noise, resulting in a smaller rise in the real wage.This in turn prompts �rms to post more vaanies and inrease apital investment.Overall, we show that the real wage rigidity mehanism substantially ampli�es themodel's internal propagation mehanism.JEL lassi�ation: C63, C78, E24; E32, J64Keywords: DSGE, on-the-job searh, endogenous destrution, labor market fri-tions, heterogenous maroeonomi models, perturbation method
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1 IntrodutionIn the standard, general equilibrium model of unemployment proposed by Mortensenand Pissarides (1994) one an not re�et properly the empirial properties of wagebehavior. It is due to the fat that wages are determined within this frameworkin the Nash bargaining proess between �rms and workers that takes into aountonly mariginal produtivity of new mathes in a given period and indues too muhvolatility into the wages. In onsequene also the inentives to hire in the boomtimeare lower as wages are too muh proylial. Hall (2005) tried to introdued ad-ho wage stikiness into the model in order to �x this problem showing that wagerigidites an be a soure of employment volatility. His solution was however nonmiroeonomially founded and the soures of possible wage stikiness remainedhidden.One possible solution to this problem is to apply the prie ontrats similar tothose proposed by Calvo (1989) for goods pries. This approah has been exploredby Gertler and Trigari (2009). They show that wage rigidities an suessefully leadto lagged reation of the wages to maroeonomi shoks, but is not apable to do thesame with marginal ost. This is due to the fat that the marginal ost is determinedby new workers that set their wages optimally. In e�et staggered wage mehanismof the Calvo type is not apable to impat the overall model dynamis. This ouldbe very unfortunate from the perspetive of monetary eonomis as it is widelyassumed that wage rigidities are responsible for the lagged response of the in�ationto maroeonomi shoks. In fat this is exatly the ase of the monetary modelswith Walrasian labor market. Those models however do not allow for o-existeneof unemployment and opened vaanies. Therefore the suessful introdution of allof the labor market variables into the monetary models an not be done without thesolution to the �marginal ost problem� of the Gertler and Trigari (2009) model.We propose the numerial framework to do this. In our model the wage rigiditiesare generated by the non omplete information about the �nanial situation of the�rm. This mehanism impats the marginal osts of the enterprise and transmitsto the rests of the eonomy. Our method an be therefore suessfully applied inthe monetary models with searh and math mehanism on the labor market. It isalso relatively simple to implement and solve espeially if we ompare this to theCalvo type of wage ontrats within the Nash bargaining mehanisms. An equallyattrative feature of the proposed method is low numerial osts that in our opinionmakes it universal.Paper is organized as follows. In setion 2 we desribe the model struture.In setion 3 detailes o numerial proedure are revealed. Setion 4 presents thedetails of model alibration whereas the setion 5 shows its properties. Final setiononludes.
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2 Model2.1 HouseholdThe representative household seeks to maximize the expeted value of lifetime utility
Ut at time zero, whih is a funtion of onsumption C̃t given by:

Ut =
C̃1−σ
t − 1

1− σ
+ βEt{Ut+1},where β is the time preferene parameter, and σ is the elastiity of intertemporalsubstitution of onsumption. We assume that the household is populated by a o-untinuum of members de�ned on the unit interval and that they perfetly insureeah other from variations in inome resulting from spells of employment and unem-ployment. In eah time period eah household member inelastially o�ers a unit oflabour, and variable Nt de�nes how many members of the household are employedin period t. For their work in period t employed members reeive wage Wt, thereforethe total labour inome of the household is WtNt. The household is also the ownerof �rms, whih make investment deisions. The household maximizes utility subjetto the following budget onstraint:

Ct =WtNt +Πt,where Πt is the pro�t of the �rm in period t, and Ct is the onsumption of marketgoods. Total onsumption of goods C̃t is de�ned as the onsumption of market goodsand home prodution goods produed by unemployed members of the household.We assume that market goods and home prodution goods are perfet substitutes,therefore:
C̃t = Ct + b× (1−Nt),where parameter b de�nes the e�etiveness of home prodution.2.2 FirmsThe �rm maximizes the expeted value of time zero disounted pro�ts Π̃t whih aremeasured in terms of the households utility given by:
Π̃t = λtΠt + βEt{Π̃t+1},where λt is the marginal utility of onsumption of the household and Πt is theurrent pro�t of the �rm. The �rms prodution Yt depends on the input of apitaland labour. The apital is in possession of the �rm, therefore the �rm needs to makeapital investment deisions It. In order to reruit new employees, the �rm mustpost job vaanies Vt and inurs unit vaany osts equal to c. The �rms urrentpro�t is given by:

Πt = Yt −WtNt − It − cVt,and it is fully transferred to the household. The law of motion of apital if thefollowing:
Kt = (1− δ)Kt−1 + It,4



The prodution tehnology is the standard Cobb-Douglas prodution funtion withtwo inputs: labour and the level of apital installed in period t:
Yt = AtK

α
t−1N

1−α
t ,where At is the exogenous level of tehnology in period t2.3 Labour marketThe labour market is haraterized by a standard searh and mathing mehanism.Let us denote the number of employed workers at time t by Nt and the number ofunemployed by Ut. The number of new job mathes is given by the Cobb-Douglasprodution funtion and is dependent on the number of unemployed Ut and thenumber of vaanies posted by �rms:

Mt = Υ× V
1−ψ
t U

ψ
t ,where Υ is the mathing e�etiveness parameter. New job mathes beome pro-dutive in the following period. The probability of �ling a job vaany and Ψt andthe probability of transition from unemployment to employment Φt for a worker aregiven by:

Ψt =
Mt

Vt
, Φt =

Mt

Ut
.Both these probabilities are taken as exogenous by the �rm and unemployed jobsearher. The law of motion for employment is the following:

Nt = (1− s)×Nt−1 +Mt−1, (1)where s is the exogenous job-separation rate.2.4 Wage negotiationsLet us denote by V E
t , V U

t , V F
t respetively the value of a job for a worker in period t,the value of unemployment and the value of a job math for a �rm. All of the abovevalues are measured in terms of the utility of the household. Given the struture ofthe model, the values are the following:

V E
t = λtWt + (1− s)βEt{V

E
t+1}+ sβEt{V

U
t+1},

V U
t = λtb+ βΨtEt{V

E
t+1}+ βEt{(1−Ψt)V

U
t+1},

V F
t = λt(Xt −Wt) + (1− s)βEt{V

F
t+1}.The variable Xt denotes the marginal produtivity of an additional worker and istreated by both the �rm and worker as exogenous:

Xt = (1− α)
Yt

Nt
.The wage is the result of individual Nash bargaining negotiations between the �rmand the worker, where ξ denotes the workers' bargaining strength. The negotiationsare based on inomplete information It, whih is a subset of the omplete informationset in period t.

Wt = argmax
Wt

E{V E
t − V U

t |It}
ξ × E{V F

t |It}
1−ξ,5



under the following feasibility ondition: E{V E
t − V U

t |It} ≥ 0, E{V F
t |It} ≥ 0. Thisimplies that

E{V F
t |It} =

1− ξ

ξ
× E{V E

t − V U
t |It}, (2)therefore E{V F

t |It} < 0 ⇔ E{V E
t − V U

t |It} < 0 and the feasibility ondition issatis�ed whenever E{V F
t |It} ≥ 0. We also have that

0 = E
{

ξλtXt + (1− ξ)λtb+ βξΨtEt{V
F
t+1} − λtWt

∣

∣

∣
It

}

. (3)It remains to de�ne the value of an open vaany for a �rm V V
t , also measured interms of utility of the household:

V V
t = −λtc+ βΦtEt{V

F
t+1}.Firms will ontinue to post new vaanies as long as the value is greater than zero.It follows that the optimal number of open vaanies requires that the value of anopen vaany be equal to zero:

V V
t = 0.From this, we have that:

λtc

Φt
= βEt{V

F
t+1}.Based on the above and using the fat, that Wt = E{Wt|It}, the wage equation (3)an be written in the following way:

Wt = E{λt|It}
−1 × E

{

ξλtXt + (1− ξ)λtb+ ξλtc
Ψt

Φt

∣

∣

∣
It

}

. (4)We assume, that during wage negotiations, both �rms and employees observe thetehnology level At in an imperfet manner, that is the information set It is givenby It = {It−1, ht}, where
ht = At + µt,where µt is a normally distributed random variable with mean zero.3 Numerial algorithmOptimization problem under onsideration an be expressed in the following generalform

0 =
∑

j

Aj × E
j
t yt +

∑

j

Bj × E
j
t yt+1 + C × yt+1 +

∑

j

Vj × E
j
t ǫtwhere j ∈ {1, . . . , N} and Ejt x = E{x|Ijt } for a given information set Ijt and ǫt ⊥ I

j
t−1for every j. Let Jt = ⋂

j I
j
t and EJt x = Et{x|Jt}. We look for the solution in theform

xt = Pxt−1 +Q× EJt {ǫt} EJt yt = Rxt−1 + S × EJt {ǫt}6



with xt−1 ∈ Jt−1. Substituting we get the set of matrix equations allowing us todetermine numerially the matrixes P , Q, R, S.
0 =

∑

j

Aj ×R+
(

∑

j

Bj + C
)

×RP

0 =
∑

j

Aj × S +
(

∑

j

Bj + C
)

×RQ+
∑

j

VjThose four matrixes onstitute the �nal solution. If we assume that information sets
I
j
t are sequentially nested one in another e.g. for j < k, Ijt ⊂ Ikt , we an express themodel solution in the form

yt = EJt yt +
∑

k>1

Mk × (Ekt ǫt − EJt ǫt)where matrixes Mj for j > 1 must solve equation
0 = Vj +Aj

k<j
∑

k>1

Mk +
(

∑

k≤j

Ak

)

×Mj 0 = CMjwith 0 = CS.Let us assume that N = 2 and I2t inludes all modeled variables up to the period
t. Than I1t = {I1t−1, ht} with ht = K1yt +K2ǫt. Using this notation we should notethat E2

t ǫt = ǫt and E1
t ǫt = Ω× (ht − E1

t−1ht) with
Ω = covt−1(ǫt, ht)× vart−1(ht)

−1where covt−1(xt, yt) and vart−1(xt) denote respetively the ovariane and varianein the steady state with the information set I1t−1. With this notation we an expressthe matrix Q indiretly through equations
Σ = (K1M2 +K2)×Υ× (K1M2 +K2)

′

Ω =
(

I +Υ× (K1M2 +K2)
′ × Σ−1 ×K1(S −M2)

)−1

×Υ× (K1M2 +K2)
′ × Σ−1where Υ = var(ǫt). We have also E1

t−1ht = K1R×xt−1. This ompletes the solutionand allows us to apply standard perturbation algorithm of model solving. Note thatMatrixes Mk are given by linear equations and therefore easy to solve numerially.Moreover, if the information set is entirely omposed of exogenous variables than wean diretly solve for Ekt ǫt. In non generi ase matrix Q is therefore given expliitewhat makes the numerial ost of solving the model with imperfet information verylimited.4 Empirial Data and Calibration4.1 Data desriptionWe alibrate our model using quarterly maroeonomis time series for EU-15 o-untries. All time series have been taken from Eurostat, with the exeption of dataonerning wages and apital, whih are from the OECD and European CommissionKLEMS database respetively. Most time series over a time span from the mid 90'until the end of 2010, however for some ountries the data goes bak as far as the 50'.7



The only exeption are time series onerning vaanies, for whih data is availableonly for the last deade. Altogether, most time series over at least one reessionand one expansion, allowing us to alulate and extrat a ylial omponent.In order to alulate sample statistis for EU-15 ountries we �rst take the lo-garithm of all variables and then deompose them into a trend and a ylial om-ponent using the Hodrik-Presott �lter. The sample statistis that we alulateare the standard deviations, relative standard deviations with respet to gdp andorrelations at various leads and lags between variables of interest. We also alulatea steady-state, that is an average for the last 40 quarterly observations, for variableswhih are stationary suh as employment rate, ratio of investment to gdp. In orderto derive sample statistis for the whole EU, we simply alulate a mean for therelevant statistis for EU-15 ountries. These values are used for alibration of ourmodel.4.2 Calibration summaryWe now proeed to hoosing parameter values of the model. The basi parametersof the model are set in a standard way based on the literature. The parameterdesribing time preferenes β is set to 0.99, elastiity of output with respet toapital α is set to 0.36, the intertemporal elastiity of substitution in onsumptionparameter σ is assumed to be 1.5, whereas the depreiation rate is set so that steady-state investment share in GDP equals to 0.25, whih results in the value for δ equalto 0.023.The alibration of labour market parameters is also fairly standard. Using thehome prodution parameter b we set the steady-state employment rate to 0.65, whihis approximately the value for EU-15. The elastiity of the mathing funtion withrespet to unemployment ψ, and the workers bargaining power ξ are both set to0.6, and the exogenous job-separation rate is set to 0.1, a value in line with theliterature. The e�etiveness of the mathing funtion Υ is set, so that the steady-state probability of �lling a job vaany Ψ is equal to 0.9. The unit vaany ost cis omputed so that total reruiting osts for �rms equal 1% of GDP.We assume that the tehnology level evolves aording to the following equation:
At = ρAAt−1 + ǫt, where ǫt is an i.i.d. normal random variable with standarddeviation σǫ. The parameter ρA is set to 0.95 and the standard deviation of ǫt is setto math the standard deviation of output with its empirial ounterpart, resultingin a value of 0.008.The �nal parameter to be set is the standard deviation σµ of µt, whih is theobservation noise. In order to fully assess the e�et the noise has on wage deter-mination and other properties of the model we will simulate the model for threedi�erent values of σµ. The �rst hosen value is 0, whih is equivalent to a standardlabour market searh model with perfet information - the benhmark model. Thetwo other hosen values are 0.008 and 0.02, whih is respetively 100% and 250%of the standard deviation of ǫt. In what follows we will refer to the three models asM1, M2 and M3. Table (1) summarizes the alibration.5 Simulation resultsWe now proeed to assessing the models ability to repliate the basi empirialproperties EU-15 eonomies. We will be espeially interested if and in what waythe stiky-wage mehanism helps the standard searh and mathing model aount8



Tablia 1: CalibrationParameter Parameter Calibrated Parametername Value Variable InterpretationSteady state
µA -0.56 Yss = 1.000 mean value of tehnology shok
δ 0.023 ( I

Y
)ss = 0.25 apital depreiation rate

c 0.16 c(V
Y
)ss = 0.01 vaany ost

β 0.99 - disount fator
b 0.95 Nss = 0.65 home prodution
s 0.10 - job destrution rate
Υ 0.37 Φss = 0.900 mathing tehnology e�et.Elastiities
α 0.36 - output elastiity w.r.t. apital
ξ 0.60 - workers' bargaining power
ψ 0.60 - math elastiity w.r.t. unemp.
σ 1.50 - intertemp. elast. of substitutionTehnology proess
ρA 0.95 - autoorr. of tehnology proess
σǫ 0.008 - std dev of tehnology shokRemaining parameters
σµ 0; 0.008; 0.02 - std dev of observation noisefor the stylized fats of real eonomies. The assessment will be based on the mo-dels ability to generate variations of main maro variables and orrelations betweenvariables that math the empirial data. The analysis will be supplemented by om-paring Impulse Response Funtions for the benhmark model and the two stikywage models.5.1 Variability of main maro variablesTable (2) summarizes the main ylial properties of the 3 versions of the model andthe eonomies of the European Union. These statistis are supplemented by impulseresponse funtions whih are presented in Figure 1 and Figire 2. Overall the modeldoes well in repliating the dynamis of the whole eonomy, with the wage stikinessmehanism providing strong ampli�ation of shoks. We show that wage settingunder imperfet information improves the general properties of the baseline model,but it also fails in some dimensions.The �rst main observation is that the higher the degree of wage-stikiness thestronger the response of most maroeonomi variables to a one perent tehnologyshok. Also, stronger stikiness inreases the time needed for maroeonomi varia-ble to return to the path of the baseline model. The explanation for this is quitesimple. Sine wages do not respond to an inrease in produtivity as strongly asin the baseline model, �rms have a greater inentive to post more vaanies, whihresults in a signi�antly sharper rise in employment, and onsequently a larger dropin unemployment. On the other hand, smaller wages, ombined with an inreasein expeted future employment indue a rise in investment and aumulated api-tal. Regarding relative standard deviations, the results of the models with di�erentdegrees of wage stikiness are varied. While the response of most variables to atehnology shok are stronger, the impat on relative standard deviations with re-9



Tablia 2: Empirial and model volatility of main maro variablesEU-15 Std dev Rel std devVariable Std Rel std M1 M2 M3 M1 M2 M3Produt Yt 0.012 1.00 0.013 0.014 0.016 1.00 1.00 1.00Wage Wt 0.005 0.59 0.006 0.004 0.002 0.45 0.29 0.12Consumption Ct 0.008 0.63 0.007 0.008 0.01 0.55 0.55 0.61Employment Nt 0.008 0.62 0.008 0.009 0.013 0.61 0.65 0.79Unemployment Ut 0.077 6.68 0.015 0.017 0.024 1.14 1.21 1.47Vaanies Vt 0.129 11.77 0.072 0.086 0.124 5.48 6.09 7.52Investment It 0.047 4.00 0.036 0.037 0.04 2.73 2.63 2.40Capital Kt 0.004 0.49 0.003 0.004 0.004 0.26 0.25 0.23Labor share LPt 0.009 0.77 0.007 0.007 0.006 0.56 0.49 0.37Produtivity LSt 0.009 0.77 0.002 0.004 0.006 0.11 0.30 0.34gard to GDP are not obvious beause of the fat, that the standard deviation ofGDP inreases from 0.013 for µ = 0 to 0.016 for µ = 0.02. While the impat onthe relative standard deviation of onsumption, investment and apital is not signi-�ant, the impat on wages, employment, unemployment and vaanies is strong.The relative standard deviation of wages drops from an aeptable level of 0.32 to0.08 for the model with the highest degree of stikiness. The reason for this dropis the following: a positive tehnology shok raises marginal produtivity, howevera large part of this inrease is attributed to the imperfetion of the information set.Therefore the level of marginal produtivity whih is used by the household duringwage negotiations is lower than its atual level, resulting in a smaller wage inrease.Over time, the observed level of marginal produtivity rises and beomes loser toits atual level, bringing the wage to the level for the baseline model.The relative standard deviation of vaanies is inreased from 5.8 to 6.87, whilethe standard deviation of unemployment is inreased from 1.3 to 1.46, bringing themodel loser to the data. While the empirial value for this statisti is muh larger,it has to be noted that this model does not separately treat unemployment andnonpartiipation. Like most basi labour market models, the one presented herepools the unemployed and nonpartiipants into one group of non-employed. Therelative standard deviation of non-employed for the US and EU are 0.83 and 1.55respetively, whih is loser to the values generated by the model. The model analso aount for the well-known empirial fat known as the Beveridge urve, thatis the negative ontemporaneous orrelation of vaanies and unemployment. Theorrelation oe�ient varies from -0.33 to -0.29 for the three presented models. Thisis muh less than what is atually observed in the data, however one needs to keepin mind the argument raised earlier when disussing the volatility of unemployment.The ontemporaneous orrelation between non-employed and vaanies is equal to-0.44 for the EU, whih is also a value muh loser to the model.The model an also aount for the well known empirial fat, that over thebusiness yle, wages �utuate muh less than labor produtivity. This observa-tion is valid for all three model spei�ations. The explanation for this risk-sharingphenomenon is provided in Danthine and Donaldson (1989). Labour share is oun-terylial and exhibits relatively weak volatility, whih is also in line with empirialobservations.As we an see from table (3), the model does not su�er from an insu�ient degreeof persistene of main maro variables. All three models show a higher degree of10



Tablia 3: Model and empirial dynami orrelations with output Y and vaanies V .(τ)Variable -3 -2 -1 0 +1 +2 +3Dynami orrelations with produt.Produt Yt

M1 0.56 0.78 0.94 1.00 0.94 0.78 0.56M3 0.55 0.77 0.94 1.00 0.94 0.77 0.55EU-15 0.43 0.70 0.92 1.00 0.92 0.70 0.43Wage Wt

M1 0.74 0.90 0.95 0.86 0.63 0.34 0.07M3 0.30 0.54 0.76 0.91 0.97 0.93 0.81EU-15 0.05 -0.13 -0.22 -0.06 0.06 0.11 0.11Consumption Ct

M1 0.08 0.31 0.55 0.77 0.93 0.98 0.94M3 0.13 0.37 0.62 0.84 0.97 0.98 0.88EU-15 0.34 0.51 0.63 0.68 0.63 0.52 0.36Employment Nt

M1 0.22 0.45 0.67 0.87 0.98 0.99 0.89M3 0.33 0.56 0.78 0.94 1.00 0.93 0.76EU-15 0.02 0.19 0.36 0.49 0.57 0.58 0.52Unemployment Ut
M1 -0.22 -0.45 -0.67 -0.87 -0.98 -0.99 -0.89M3 -0.33 -0.56 -0.78 -0.94 -1.00 -0.93 -0.76Nonemployment EU-15 -0.02 -0.20 -0.37 -0.51 -0.59 -0.60 -0.53Unemployment EU-15 -0.09 -0.34 -0.56 -0.71 -0.77 -0.73 -0.61Vaanies Vt

M1 0.75 0.89 0.94 0.83 0.60 0.30 0.02M3 0.80 0.90 0.86 0.68 0.38 0.07 -0.18EU-15 0.39 0.55 0.65 0.64 0.55 0.40 0.22Investment It

M1 0.71 0.88 0.98 0.94 0.78 0.53 0.26M3 0.71 0.90 0.99 0.95 0.78 0.54 0.28EU-15 0.35 0.56 0.74 0.83 0.79 0.62 0.38Capital Kt

M1 -0.16 0.06 0.29 0.51 0.68 0.79 0.84M3 -0.19 0.02 0.26 0.48 0.65 0.76 0.81EU-15 -0.47 -0.48 -0.11 0.41 0.63 0.38 0.00Produtivity LPt

M1 0.75 0.90 0.94 0.84 0.60 0.31 0.03M3 0.79 0.90 0.87 0.69 0.40 0.09 -0.15EU-15 - - - - - - -Labor Share LSt

M1 -0.76 -0.88 -0.89 -0.75 -0.48 -0.16 0.12M3 -0.76 -0.80 -0.69 -0.44 -0.10 0.22 0.44EU-15 -0.35 -0.47 -0.54 -0.51 -0.36 -0.12 0.12Dynami orrelations with vaanies.Unemployment Ut
M1 0.26 0.09 -0.16 -0.44 -0.71 -0.88 -0.92M3 0.33 0.17 -0.08 -0.39 -0.69 -0.87 -0.90Nonemployment EU-15 -0.01 -0.14 -0.27 -0.38 -0.47 -0.50 -0.46Unemployment EU-15 -0.02 -0.19 -0.35 -0.48 -0.56 -0.57 -0.50
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persistene than an be seen in the data for both the US and the EU.Rysunek 1: Impulse response funtions
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Rysunek 2: Impulse response funtions ountinued
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6 Conluding remarksWe have onstruted the RBC model with Mortensen Pissarides (1994) type of la-bor market module with Nash wage bargaing and wage rigidities. We show thatif wages are staggered due to inomplete information on the tehnology level in agiven period they an result in real e�ets on the entire eonomy. This ontrasts ourmodel with that of Gertler and Trigari (2009) that adapted Calvo prie ontratsinto the Nash wage negotiations proess. In our model the produer surplus pere-ived by the workers is smaller than in reality what limits the wage growth duringthe boomtime. Firms antiipate this mehanism and respond in more vigorous va-any posting. This results in the larger employment, prodution, onsumption andinvestment as well as smaller unemployment. We show that wage rigidities inreasethe deviation between the negotiated wage and the marginal produtivity of workerwhat impats negatively the labor share in the eonomy. On the other hand weshow that although wage rigidities an a�et the entire eonomy through mentionedtransmission mehanism their real role as the soure of aylial behavior of wagesis probably limited. This is due to the impat of staggered wages on labor marketvariables - employment and unemployment - goes in the undesirable diretion. Mo-del with not-negligible rigidities �ts the ylial properties of the labor market data(apart from wages) more poorly than model without wage stikiness. On the otherhand if wages are rigid to the limited extend one an utilize proposed model as abuilding blok for new Keynesian models in order to re�et the empirial dynamisof in�ation.
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